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ABSTRACT 


The radiation fields produced by an energetic electron which 
is moving in helical orbit in the magnetoactive plasma are derived 
by solving the Maxwell’s equations exactly. Those fields consist 
of three components which are characterized by different wave fre- 
quencies related to the anisotropic nature of the medium. 

The result, obtained in this paper, seems to be useful in in- 
vestigating the suppression of the low frequencies of solar radio 
type IV bursts and galactic radio emission, and suggests that the 
explanation for the influence of ambient plasmas on the gyro-syn- 
chrotron radiation from energetic electrons must be modified. 

1 * INTRODUCTION 

The influence of the ambient plasmas on the electromagnetic 
radiation from electrons of arbitrary energy which are helically 
spiraling in the external magnetic fields have recently been dealt 
with by many authors (Eidman, 1958; Ginzburg and Syrovatskii, 1964, 
1965; McKenzie, 1964; Liemohn , 1965; Ramaty and Lingenf elter , 1967; 
Mansfield, 1967; Ramaty, 1968; Sakurai and Ogawa, 1968). Since it 
is, however, very difficult to obtain directly the solution for the 
electromagnetic fields radiated from an electron moving in the aniso- 
tropic medium, various kinds of the devices to solve the Maxwell’s 
equations have been developed. 

The suppression of the low frequencies of solar radio type IV 
bursts suggests that the influence of the ambient solar plasma on 


the emission characteristics of the bursts must be important as 
has already been discussed by Ramaty and Lingenfelter (1967, 1968) 
and Ramaty (1968). However, their treatment has been limited to 
such frequency ranges as f > f p >> tg, where f, and f^ are the 

t 

frequencies of emitted radio wave, the plasma and the electron cy- 
clotron, respectively. In this case, the ambient plasma is, there- 
fore, assumed to be isotropic and the following refractive index, M- 
applies : 

n = (l- f p 2 /fM (i) 

The conditions which are actually encountered near the sunspot 
groups, however, are quite different from this simple case (1). In 
fact, the type IV radio bursts are usually emitted from energetic 
electrons which are moving within a medium where the strength of 
magnetic field is very high, say 1000 gauss (for example, Ellison, 
1963). The effect of magnetic field, therefore, cannot be neglected 
in dealing with the emission characteristics of type IV radio bursts 
(Sakurai, 1964, 1965). 

In this paper, we will solve exactly Maxwell’s equations ap- 
plied to an anisotropic medium, and then discuss briefly the prop- 
erties of the solutions. The calculated emission power flux for 
some restricted cases is presented in the Appendix. 

2. FUNDAMENTAL EQUATIONS AND THE METHOD OF SOLUTION 

Maxwell’s electromagnetic equations in a magnetoactive plasma 
are given, by using the anisotropic dielectric tensor (Stix, 

1962), as follows: 


( 2 ) 


curl 2 - - i JS H 

c 

"■* _ _ ■* 4TT *r 

curl H = i LkJ E + — I , ( 3 ) 

-4 -♦ T* 

where E , H and I ? are the electric and magnetic fields which are 
assumed to change with exp (i^t) , where uu is the angular frequency, 
and the electric current due to the electrons moving helically in 
the medium which are responsible for the emission of electromag- 
netic waves, and c is the speed of light. 

By the use of the vector and scalar potentials A and 0, the 
electromagnetic fields, E and H are usually expressed as 


E = 



A 


- grad 0 


(4) 


H! * curl A (5) 

If we here adopt the following subsidiary condition that satisfies 
tL^ transverse gauge: 


div A = 0 , 


( 6 ) 


the equation for the vector and scalar potential X and 0 

9 “♦ 2 -» 4TT 

v 2 A + 4U Lk3 A = - _ I' 

n£t C 


(7) 


a 4TT 

0 e» 

c 

where e T is electric charge of the moving electron (e* = - e) . 

In this gauge, it is not necessary to take the scalar potential 0 
into consideration. Really, in dealing with the electromagnetic 
emission from an electron, it is sufficient to take into account 
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only the vector potential A in the wave fields. Accordingly, the 
electromagnetic fields in the wave fields are expressed by 


E * - i c A 


H « curl A, (5) 1 

in place of equations (4) and (5) . 

If we make use of such a Green tensor G ( r, r f ) that satisfies 
the equation, 

(v 2 _ [ k ])[ G ( -.)•] = 6 (?-?'), (8) 

c 

the vector potential A (r , t) formally solved is mathematically 
expressed as follows: 

“4 

— * -4 4TT r — 4 ® “4 —4 

A ( r, t) = C Lg (; r, r r >3 I f ( r*,t T ) dr* dt f , (9) 

where r and r T are the position vectors from the null point of the 
coordinate to the point of observation and to the location of the 
moving charges, respectively, t and t f are, farther, the times with 
respect to the point of observation and the location of the charges, 
respectively. 

“♦ -4 

In order to solve equation (8), the Green tensor G( r, ' r f ) and 


the 6 -function are Fourier-transformed as follows: 

Lg( r, r f )3 = — Tlg ( k, uj)] e 1 ^ (r - r*) 

<4tt) 3 J 


■ Mf 

6 (r - r T ) = 


(4tt ) 


i k (r - r») - 

e dk 


( 10 ) 


( 11 ) 


where k and tu are the vector wave number and angular frequency, 
respectively. 
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Using the result just obtained, the formal solution of 
equation (8), Eg ( k, w)l, is given by 


Eg ( Jk, a))] « Ex] 


-l 


( 12 ) 


where 




Cx3 


k2 -s8 


2 


0 




iD <- 


- ID IttL. k 2 - S 1 0 2 0 

Tit 2 


o 




-2 . 




(13) 


The quantities as S , P and D which appeared in the above equation 
are expressed as follows, by using the notations defined by Stix 
(1962): 


S = 1 (R+L) 


D = _i (R-L) 
2 


and 


i 

UD‘ Z 


where 


a> 


_ _ p UL) 

R — 1 “ A 'iii ' ' . 

2 w - 


U) 


L =1 - 


uu 


p U) 


( u) = 2TTf, oi p » 2TTf p ando). H = 2rrf H ) . 
Equation (12) is rewritten in ‘‘he following form: 
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t<}( It, w)3 


where 



When the above solution [g ( 2,^)3 is substituted into 
equation (10) and integrated with respect to Ik I “k, the following 
equation is obtained: 


toe - a, | -S- loyis «<*-*'> 


where R' = |.r - r'| and 


(14) 



I(e% +e K’v'R) 

2 2 



s 


, i^R* l^R'^R , llR’^J iSUr/VR 

i(e c - e 0 ) |(e 0 + e c ) 

0 0 e ® 


0 



By substituting (14) into equation (9), the solution A ( r,t) 
is derived formally as follows: 
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A ( ?,t) - £L J*Cg( P ( :r')]T(:?‘,t')e" 1U,(t " t ' ) dr'dt'rtD (16) 

”* m4 

This result is used to calculate the radiation fields, E and H 
which are given by equations (4) f and (5) * . 

3. RADIATION FIELDS BY ELECTRONS IN HELICAL ORBITS 

The Cartesian coordinate system as shown in Fig. 1, is used 

•4 

here, where the external magnetic field H 0 is along the Z-axis. 

"t 

In equation (16), the electric current I* is expressed as 

I»«e ^ (t f )6 ( r f -? e (t»)>, (17) 

since the radiating electron produces an electric current, where e, 
V and r e are the electronic charge, the velocity and the position 
vector of the electron. 

As is evident from the figure, R f ■ # - and | R , | 8 *R , “|r - rl 
Because of jr f j <<: | r| » the following approximation is possible: 

r» - r - n. .r * , 
where h ® K ? /R. 

Thus equation (16) can be integrated with respect to r* , by 
using the above approximation, as follows: 

A ,(:x,t)= 2^ J* [Gy] V(t')e" 1 “' (t-t ' ) dt'dw, (18) 

t 1 ,0) 

where R f in Ury] is expressed as r - i?. . ? e • (t5> I Here j* fe f (t*) is 
the position vector of a radiating electron, and clearly |r e l«,r, 
and approximately n = RVR* ~ r/|rl. 

In the following calculation, the vector S is taken within the 
(y-z) plane, so n is expressed as 

-7- 
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by using the definition given in Fig, 2, where 1, j and K are the 
unit vectors as for the x-, y- and z-axis, respectively, and 8 is 
the angle between the vector r and z-axis. 

The position vector S* 0 ? ( t f ) and the velocity V* (t f ) ("*dr e f /dt 1 ) 
of the radiating electron are respectively given by 

r e ’(t') - 7 cos w^t f * u) 1 1 ' t k V| ( t f (19) 


v’(t») - A(v^) sin U)^t ? + j vj_ cos W jjt f + 1? v || * 


( 20 ) 


where 

w H ,wU H a/i- 3^, “ eHo/m 0 c and $ - v/c. 

In the above two equations, vj^ and v j are the components of the 
electron velocity perpendicular and parallel to the external mag- 
netic field, n» 0 is the rest mass of an electron. 

By taking equation (19) into consideration, R 1 is expressed as 
follows: 

R f = r- r n.r_ f (t f ) « r - sin 8 sin u) f t f + v H cos 8.t f ) 
e H * 

Equation (18) can be easily integrated with respect to time t ! , 
using both the above approximation and several mathematical equali- 
ties such as e -i x sin ^ « 2 J s (x,) Thus the result is 


«*4 -4 

A (r ,t) 



"”a> 






I A 
“XOU 

A ytu 

A ZU) 


d«>, 


( 21 ) 


where 


Ax » “ " r ;r t[j s < i * * * * * * * * x i> - jr Js<x i )] a 6 ^ 

+ tj^(x 2 ) + ^fL J S (X 2 )] b S (<"2)5 

A y w = " 2 ~ ~ ICjMX!) - — V x i>] a 6 

X 1 

- Lj’ ( x„) + j s (x 2 )] b a «*„) } 

s ® “ 


Agat - J s (X 3 ) C 6 (H) 3 ) 

c 

and 

v I 

Xi ■* — Jr JL sin 9 

U) f 

H 

u> - v ± j 

X 2 - — Vr — sin e 

H 

U) Vj_ 

Xg “ <T" vf ^r- Sin 9 

i Jh r i ^ V5 r i ■$ \/p r. 

a " e b = e and c - e 

The variables of the three 6-functions are respectively 

= U) - - (u 3^ Jh cos 0 

^2 = W - sw f - a>3 -| j Jr cos 0 

W 3 = w - sw f - au 3 j | a/p cos 0, 

where 0j| « vj[ /c. 

The wave frequency cu in equation( 21) is defined by the 6- 

function such as 6 C*^), 6 (uig) a nd 6 (u> 3 ) . Accordingly, the 

equation (21) is easily integrated with respect to the wave fre- 
quency and deduced as follows: 
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eo 

«■„*> 6 


A (r.t) - 2 

s--« r 


A 


where 


sx 


A 

A sy 


^SZ i 
^ / 5 


I-*** » t* _ 

Li, j, kj 


(22) 


s 


A 


= i Lt t iEi 

SX c 

l— 3 


J s< X l>- J s< X l> i(^V^r 


cos 9 5 0^) 
a id 


wt) 

«C*X) 


II 


s J S ( X 2 ) + J s( X 2> i(| a/K r-wt) 


X 2 


1-f! i< cos 9 jL(!^@. 
» 5 0) 




(23a) 


1 v 


L sy 


JL [ 


~ V X l>- J s (X l> 


JJ 


Kit vTr-*«t) 


2 c 


1-3 u cos 


, 0 5 (UJ'/L) 
3- 0) 


6 <v 


+. 


~ J s^ X 2^ + J s^ X 2^ 


i(£ VRr-^t) 


1-3 ii cos 0 


do) 


0"2>} 


(23 b) 



J 3 (x 3 ) 
l-3||Cos e 


i 0~JPr -«Jt) 


8 (m y P ) 

d 0) 


6 <“ 3 > 


(23c) 


By substituting the results (22) and (23) into equations (4) * 
and (5) T , the electromagnetic radiation fields produced by an 
electron in helical orbit can be calculated as follows: 

The electric field: 
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R cs 

^sx 


1 V JL 

T 7* 


_e 

r 


JsW-J^Xn) i( ^c 7 Er - U)t ) 

t_L „ e 

1— P ii cos6 d (u) s/L) 

1 a w 


XT J s^ x 2^ +J s 


1-0 j| cos0 


i($ ^r-^t) 
e uu6 (a) 2 ) } 


E sv = i — i — [ 
s y 2 q2 r 


J s <Xi)-J s (X 1 )-J^(X 1 ) 

A 1 

1-0 || COS 0 jj, (<*?*/&) 

H auu 


i(| */Lr-® t) 


uj 6 <UJ x ) 


^ J S (X 2 )+J^(X 2 ) 

1-9ii cos 9 d (^Tr) 
" a® 


i(£/Rr-u>t) 


ou 6 (ai 2 ) 3 


E 


sz 


i Zi e 

r.2 r 


J s (x 2 ) 


i-9„ cos e 8 (»Vp) 


ll 


i® 


i(£ #r-uit) 

e a) 6 (0) ) 

3 ■ 


The magnetic field: 


H s x = i ~ ^ Jp sin 0 


9 H J S (X 3 ) 


r c 


-±%JL 

2 ^ 


l-0|iCOS0 A C^a/p) 

I! 5UU 

f-JsO^-J’CXi) 

cos e X 1 

1-9 n cos9 a (*/I) 


i(* ^r-“t) 

a (<o 3 ) 


i(“.^r-wt) 


"eO" ) 


II 


a w 


V f-J s (X 2 )+J£(X 2 ) i(£ J 6 r-H) 

- J: JR cos 9_2 e ®6 (%) } 

2 c l 1-9 ||Cos6 2 


H; 


sy 


V, K* ^- u ’t) 

- ® 1 1 4cos eLjT-i- _e ««C»i) 

° 2 1-9,, cose a ( w v^) 

11 JU) 
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(24a) 


(24b) 


(24c) 


(25a) 


(25b) 


S in 

X- j s< x 2> +j s( x 2) i(jr */Rr-wt) 

M — — — — .. e ««<%)]] 

1-0 || COS0 ^ C?^!) 


dyu 


V §-J s ( x !)-Js (Xx) i% JLr-vt) 

H„„ - $. 1 1 _±. sin 9 C JL — e 

r 2 c2 l-0„ cose i l M lI 

" s ui 


l SZ 


(u^) 


^-J S ( X 2 )+J^(X) i(£ ,/Br-^t) 

- Jr _2 e “ 6 (^ 2 )]} (25c) 

1 - 0 1 , cos 0 d (^yfe) 

duu 

Although the above solutions are quite complicated, the Poynting 
vector can be calculated by making use of the above electric and mag- 
i netic fields. In anisotropic plasmas, it is necessary to calculate 

j 

| both the electric and magnetic fields for the Poynting vector to be 

j derived, because the direction of this vector does not, in general, 

j 

correspond to that of the wave normal vector n (for example, Bekefi, 
1966). Thus, the Poynting vector for the S-th harmonic Ig is given 
by using equation (24) and (25) as follows: 

j = -gf (®s x H + Eg x h|) , (26) 

where $ s = (E sx , Egy, Eg^ and fi s = (H sx , H sy ^ H sz ) . The asterisk 
denotes the complex conjugate component. In this expression, the 
three Doppler-shifted emission frequencies are involved in the Poyn- 
ting flux such as 

sttC su)' SujJL 

UJ = £± an d s 

1-0 H „fL cos 9 , 1-0 || Jk cos 0 1-0 || a/p cos 0. (27) 

These are obtained from the 6 -functions such as & , 6 (^ 2 ) and 

6 (^ 3 )‘ 
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* 




i'i .• 

* » 

i t; • 

i 

i i 



The frequencies given by equations (27) are identical only 
when the orbital motion of an emitting electron is circular, i.e., 

3|| “ 0. In this case, all these frequencies are, reduced to stun 
(“^H a/1-0^) t which is the well-known gyro-frequency of relativistic 
electrons. 


When the approximation w > is satisfied as has been 

considered by Ramaty (1968) , the medium necessarily becomes isotro- 
pic and consequently it follows that Jr = Vl = . It is, 

therefore, quite easy to calculate the Poynting vector in this case 
and one can easily obtain the same result as shown by Ramaty (1968) 

(See Appendix 1) . 

If one assumes that ®g^M *2 « l or that the medium is vacuum, ^ 
the well-known formulae for the Poynting flux vector is obtained by 
using equations (24) and (25)( See Appendix 1) , which has already 
been obtained by Schott (1912) , Schwinger (1949) and Landau and 
Lifschitz (1961). 

4. CONCLUDING REMARKS 

The exact solutions for the radiation fields produced by an f 

electron of arbitrary energy in a magnetoactive plasma have been ob- 
tained in this paper. Since the medium is anisotropic, the solutions 
are very complicated in form as is seen from equations (24) and (25). | 

However, these results make it possible to examine the influence of I 


magnetoactive plasmas on the electromagnetic emission from electrons 
in helical orbits. 

As will be shown in Appendix 1, the solutions obtained here 
give the same result as that by Ramaty (1968) when both the ap- 

- 13 - 


proximation f > f p » f H and 3 1 | « 0 are adopted. 

In applying these to several problems on solar and galactic 
radio emissions, the power flux will have to be calculated. These 
calculations are now under way. 
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Appendix 1 


When w > Wp » it follows that */5 •* A /ET » ^p - 
being equal to the isotropic refractive index (1), Since the medium 
in this case is isotropic, the poynting vector is given as follows; 



c 

~ ITT 


E 


sx 


+ E 


sy 


cos 


2 0 


E 


sz 


2 sin 2 9 ) n 



n 


c 

4tt 


(~) 

c 


1-p.. COS0 
H 3 oi 


- [ tp ± J»(X)] 


2 


+ Lg i co S e|j s (x)] 2 +[e || sinej s (x) 3 2 36(w-sai^-wg (| ncos0) (a-i) 


where 


X 


I- 1 sin 0 
1—3 h H cos 6 


(A“2) 


When the orbit of electron motion is circular, the above 
equation (A-l) is reduced to 

Ps = n ~^~2 (~~c) t Cpj^(s3^sin0) ] + ^-gin -e J s ( s ^ sin0 )-1 } 

X 6 (ui -*«£), (A-3) 

since 3 - 0. This result is equivalent to that of Ramaty (1968). 

In the vacuum, M- = 1. The above equation is further reduced to 

sU).„ 0 

h “ S ~2 (“S 5 ") ( 3 "P 2 > 1 tpj^(spsine )] 2 

+Lcot0J_(s3sinP) ] 2 } (A-4) 

b 

which is the well-known formula (for example, Schott, 1912; Landau 
and Lifshitz, 1961). 
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